We examine nonlinear sigma models, in particular the Skyrme model with a twist (the twisted Skyrmion string), which comprises a vortex solution with an added dependence on a twist term mkz, where z is the vertical coordinate. The topological and Hopf charges of a twisted Skyrmion string are calculated and are shown to be equivalent to the winding number n of the vortex and proportional to nmk, respectively. The principle of conservation of the Hopf charge, which is a standard property of the baby Skyrmion model, is generalised to cover the non-compact twisting solutions studied here.
I. INTRODUCTION TO NONLINEAR SIGMA MODEL
A nonlinear sigma model is an N -component scalar field theory in which the fields are functions defining a mapping from the space-time to a target manifold 1 . By a nonlinear sigma model, we mean a field theory with the following properties 2 :
(1) The fields, φ(x), of the model are subject to nonlinear constraints at all points x ∈ M 0 , where M 0 is the source (base) manifold, i.e. a spatial submanifold of the (2+1) or (3+1)-dimensional space-time manifold.
(2) The constraints and the Lagrangian density are invariant under the action of a global (space-independent) symmetry group, G, on φ(x).
The Lagrangian density of a free (without potential) nonlinear sigma model on a Minkowski background space-time is defined to be
where γ AB (φ) is the field metric, η µν = diag(1, −1, −1, −1) is the Minkowski tensor, λ is a scaling constant with dimensions of (length/energy) 1/2 and φ = φ A is the collection of fields. Greek indices run from 0 to d − 1, where d is the dimension of the space-time, and upper-case Latin indices run from 1 to N .
The simplest example of a nonlinear sigma model is the O(N ) model, which consists of N real scalar fields, {φ} N A=1 , with the Lagrangian density
where the scalar fields, φ A , satisfy the constraint
a) Electronic mail: itpm.id@gmail.com (Miftachul Hadi) and δ AB is the Kronecker delta. The Lagrangian density (2) is obviously invariant under the global (spaceindependent) orthogonal transformations O(N ), i.e. the group of N -dimensional rotations
One of the most interesting examples of a O(N ) nonlinear sigma model, due to its topological properties, is the O(3) nonlinear sigma model in 1+1 dimensions, with the Lagrangian density
where, if d is the number of space-time dimensions, the indices µ and ν run from 0 to d − 1, and φ = (φ 1 , φ 2 , φ 3 ) is subject to the constraint φ.φ = 1, where the dot (.) denotes the standard inner product on the 3-dimensional real coordinate space R 3 . The target manifold is the therefore the unit sphere S 2 in R 3 . A simple representation of φ (in the general timedependent case) is
where f and g are scalar functions on the background space-time, with Minkowski coordinates x µ = (t, r). In what follows, the space-time dimension, d, is taken to be 4, and so r is a 3-vector.
If we substitute (6) into (5), the Lagrangian density becomes
The Euler-Lagrange equations associated with L 1 in (7) are
and
II. VORTEX SOLUTION A simple solution to the O(3) field equations (8) and (9) is the vortex solution found by imposing the 2-dimensional "hedgehog" ansatz, i.e.
where r = (x 2 + y 2 ) 1/2 , θ = arctan(y/x), n is a positive integer, and χ is a constant phase factor.
A vortex is a stable time-independent solution to a set of classical field equations that has finite energy in two spatial dimensions; it is a two-dimensional soliton. In three spatial dimensions, a vortex becomes a string, a classical solution with finite energy per unit length 5 . Solutions with finite energy, satisfying the appropriate boundary conditions, are candidate soliton solutions 6 . The boundary conditions that are normally imposed on the vortex solution (10) are f (0) = π and lim r→∞ f (r) = 0, so that the vortex "unwinds" from φ = −ẑ to φ =ẑ as r increases from 0 to ∞.
The function f in this case satisfies the field equation
There is in fact a family of solutions to this equation (11) satisfying the standard boundary conditions, i.e.
sin f = 2K 1/2 r n Kr 2n + 1 , or equivalently cos f = Kr 2n − 1 Kr 2n + 1 (12) where K is positive constant. The energy density σ of a static (time-independent) field with Lagrangian density
The energy density of the vortex solution is
In particular, the total energy
of the vortex solution is infinite. But the energy per unit length of the vortex solution
is finite, and does not depend on the value of K. (We use the same symbol for the energy per unit length and the mass per unit length, due to the equivalence of energy and mass embodied in the relation E = mc 2 . Here, we choose units in which c = 1).
This last fact means that the vortex solution in the nonlinear sigma model have no preferred scale. A small value of K corresponds to a more extended vortex solution, and a larger value of K corresponds to a more compact vortex solution, as can be seen by plotting f (or −L 1 ) for different values of K and a fixed value of n. This means that the vortex solutions are what is called neutrally stable to changes in scale. As K changes, the scale of the vortex changes, but the mass per unit length, µ, does not. Note that because of equation (16), there is a preferred winding number, n = 1, corresponding to the smallest possible positive value of µ.
III. SKYRMION VORTEX WITHOUT A TWIST
If a Skyrme term is added to the original sigma model Lagrangian density L 1 (with the unit sphere as the target manifold) in (5), the result is a modified Lagrangian density of the form
where the Skyrme term is the second term on the right hand side of (17) and K s is a positive coupling constant. With the choice of field representation (6), equation (17) becomes
If the vortex configuration (10) for φ is assumed, the Lagrangian density becomes
The Euler-Lagrange equations generated by L 2 , namely
reduce to a single second-order equation for f
with the boundary conditions f (0) = π and lim r→∞ f (r) = 0 as before. If a suitable vortex solution of this equation existed, direct substitution into (22) shows that it would have a series expansion for r << 1 of the form
where a < 0 and b are constants, and for r >> 1 the asymptotic form
for some constant A > 0. However, it turns out that it is not possible to match these small-distance and largedistance expansions if K s = 0, meaning that any solution f of (22) either diverges at r = 0 or as r → ∞. This last result follows from the following simple scaling argument. Suppose that f (r) is a solution of equation (22). Let q be any positive constant and define f q (r) = f (qr). Substituting f q in place of f in equation (22) gives a value of µ which depends in general on the value of q
where dfq dr = qf ′ (qr). So, if r is replaced as the variable of integration by r = qr, we have
In particular,
But, if f is a localized solution of eq. (22), meaning that it remains suitably bounded as r → 0 and as r → ∞, it should (by virtue of the Euler-Lagrange equations) be a stationary point of µ, meaning that ∂µ q /∂q| q=1 = 0. It follows therefore that no localized solution of (22) exists. A more rigorous statement of this property follows on from Derricks theorem 7 , which states that a necessary condition for vortex stability is that
It is evident that (27) does not satisfy this criterion.
In an attempt to fix this problem, we could add a "mass" term, K ν (1 −ẑ.φ), to the Lagrangian density, L 2 , whereẑ is the direction of φ at r = ∞ (where f (r) = 0) and K ν is another positive coupling constant. The Lagrangian density then becomes
This Lagrangian density corresponds to the baby Skyrmion model in equation (2.2) 8 . The kinetic term (in the case of a free particle) together with the Skyrme term in L 2 are not sufficient to stabilize a baby Skyrmion, as the kinetic term in 2 + 1 dimensions is conformally invariant and the baby Skyrmion can always reduce its energy by inflating indefinitely. This is in contrast to the usual Skyrme model, in which the Skyrme term prohibits the collapse of the 3+1 soliton 9 . The mass term is added to limit the size of the baby Skyrmion.
IV. SKYRMION VORTEX WITH A TWIST
Instead of adding a mass term to stabilize the vortex, we will retain the Skyrme model Lagrangian (19) but include a twist in the field, g, in (10) . That is, instead of choosing 10 ,
we choose
where mkz is the twist term: as z increases by an amount 2π, the functions sin g and cos g oscillate a total of mk times, and each oscillation corresponds to a twist in the vortex, m and n are integers, 2π/k is the period in the z-direction. The Lagrangian density (19) then becomes
The value of the twist lies in the fact that in the far field, where r → ∞ then f → 0, the Euler-Lagrange equations for f for both L 3 (without a twist) and L 2 (with a twist) are formally identical to leading order, with m 2 k 2 /λ 2 in the twisted case playing the role of the mass coupling constant, K ν . So, it is expected that the twist term will act to stabilize the vortex just as the mass term does in L 3 .
On a physical level, the twist can be identified with a circular stress in the plane, perpendicular to the vortex string (which can be imagined e.g. as a rod aligned with the z-axis). The direction of the twist can be clockwise or counter-clockwise. In view of the equivalence of energy and mass, if the gravitation effects of the string were to be modelled, the energy embodied in the circular stress would contribute to the gravitational field, with the net result that the trajectories of freely-moving test particles would differ according to whether they were directed clockwise or counter-clockwise around the string.
The Euler-Lagrange equation (20) corresponding to the twisted Skyrmion string Lagrangian density (33) reads
It should be noted that the second Euler-Lagrange equation (21) is satisfied identically if g has the functional form (32). Equation (34) can be rearranged in the form
where ε = 4λ 2 K s n 2 and ζ = 4λ 2 K s m 2 k 2 are positive constants.
Direct substitution into (35) shows that the twisted Skyrmion string solution has a series expansion for r << 1 of the form
where a < 0 and b are constants. The asymptotic form of the solution for r >> 1 can be constructed by noting that, when r is large and f << 1, equation (35) reads
This is a modified Bessel equation whose exponentially decaying solution is proportional to the modified Bessel function K 0 (n ζ/εr). Hence, the asymptotic form of the twisted Skyrmion string solution is
where A is a positive constant, and the remaining terms are of order r −3/2 e −n √ ζ/εr or smaller.
V. THE TWISTED SKYRME STRING SOLUTION
For compact twisting solutions such as the twisted baby Skyrmion string 12 , in addition to the topological charge, n, there is a second conserved quantity called the Hopf charge 12 . For our twisted solutions, which depend on nθ + mkz, the Hopf charge is technically proportional to nmk. But since the topological charge n is conserved, it follows that conservation of the Hopf charge is equivalent to the conservation of mk. The question of whether mk is conserved is part of a much more general question of whether the string solutions are stable to a range of possible perturbations, both field and gravitational, but this broader question is well beyond the scope of this paper.
If we calculate the value of the Hopf charge for a twisted Skyrmion string, which is infinitely extended in the vertical direction, the charge diverges when we integrate z from −∞ to ∞. For this reason, the Hopf charge is, strictly speaking, well defined only for compact solutions (such as in 12 ) in which the range of z is finite. Geometrically, the Hopf charge measures the number of times the solution twists through a full circle over its length in the z-direction. The fact that it is conserved means that if the solution is perturbed then the number of turns over its length remains fixed, no matter how it is distorted. But for twisted Skyrmion string solutions, the total number of twists is infinite because the length of the vortex is infinite, so a more useful principle in this case is that the average number of twists per unit length is conserved, or equivalently that whenever one static vortex configuration is deformed into another then mk remains constant.
If mk is conserved for a twisted Skyrmion string, this does not necessarily mean that the string itself is stable. There are many ways it could be unstable: it could collapse inwards to form a line singularity with infinite density, or it could expand outwards indefinitely. It is also possible that -if the self-gravity of the string is included -it might gravitationally radiate away the twists (much as a cosmic string which is almost straight but has small "bumps" is believed to radiate the energy in the bumps away). But it is typically not possible to investigate the stability of the solutions until some explicit solutions are found.
VI. TOPOLOGICAL CHARGE OF A TWISTED SKYRMION STRING
The topological charge of a general O(3) field configuration is defined to be
where S is any plane parallel to the x−y plane, and ε ABC is the Levi-Civita symbol in three dimensions, with nonzero components ε 123 = ε 231 = ε 312 = 1, ε 132 = ε 213 = ε 321 = −1 and ε ABC = 0 if A = B or B = C or C = A. As will be shown shortly, the topological charge T is conserved, in the sense that dT /dt = 0 for any solution (6) of the field equations. So T remains constant whenever a static vortex solution is perturbed. This charge conservation law is a consequence of the boundary conditions f (0) = π and lim r→∞ f (r) = 0 and does not depend on the choice of Lagrangian or equations of motion. Because the integral in (39) is also (space) metric tensorindependent, T is a purely topological quantity and for this reason is known as the topological charge 13 . For a twisted vortex solution constructed using the ansatz (10), but with nθ − χ replaced by g(θ, z) = nθ + mkz,
where
and ∂f ∂x ∂θ ∂y − ∂f ∂y
The topological charge (39) is therefore
in view of the boundary conditions f (0) = π and lim r→∞ f (r) = 0. The topological charge is therefore identical with the winding number n of the vortex as claimed.
VII. CONSERVATION OF THE TOPOLOGICAL CHARGE
We now show that the topological charge T is conserved for any vortex solution, provided only that certain weak conditions are imposed on the behaviour of φ in the limit as r → ∞. Taking the time derivative of (39) gives
After integration by parts, the second integral on the right of (46) becomes
provided that φ and ∂φ/∂t remain bounded and ∂φ/∂y → 0 as r → ∞. Similarly by virtue of the symmetries of ε ABC . If φ has the general form (6) then
where, as before
but no functional dependences are being assumed for f and g. Given that the three vector fields ∂φ/∂t, ∂φ/∂x and ∂φ/∂y in (50) all lie in the 2-dimensional subspace spanned by W and V , they are everywhere linearly dependent. So 
VIII. CONSERVATION OF THE HOPF CHARGE

Following de Vega
14 and Kobayashi and Nitta 12 , the Hopf charge of a twisted baby Skyrmion string (which is compact in the z-direction) is defined to be
is the field strength and the potential A c is a vector field satisfying the condition
Here, the indices a, b and c range over {1, 2, 3} and ε abc is again the Levi-Civita symbol in three dimensions, with non-zero components ε 123 = ε 231 = ε 312 = 1 and ε 132 = ε 321 = ε 213 = −1. Like the topological charge, the Hopf charge of a twisted baby Skyrmion string is conserved provided that φ satisfies certain weak boundary conditions. This can be shown by first defining a topological 4-current
is the full field tensor, A σ is a 4-potential satisfying F µν = ∂ µ A ν − ∂ ν A µ , and ε µνρσ is the 4-dimensional Levi-Civita symbol with ε µνρσ = 1 if µνρσ is an even permutation of 0123 and ε µνρσ = −1 if µνρσ is an odd permutation of 0123. In particular,
The 4-current J µ is conserved identically. To see this, note first that
where the last expression follows because
. As previously, if the O(3) field φ is represented in the form (6) then
where W and V were defined in equation (48). In particular,
and so
as φ.φ = 1. Substituting (62) into equation (58) then gives
by virtue of the anti-symmetry of ε µνρσ . The fact that J µ is conserved allows us to write the time derivative of the Hopf charge as
The last term is an integral of the 3-divergence ∂ a J a over some closed connected subset on R 3 . So provided that the components J a are continuously differentiable on , and the boundary ∂ of is piecewise smooth, an application of the Divergence Theorem reduces (64) to
where n a is the outward unit normal on ∂ . The Hopf charge C is therefore conserved if the surface integral on the right of (65) vanishes. In the case of the twisted baby Skyrmion string 12 , ∂ can be chosen to be a cylindrical surface of constant r in the compactified 3-dimensional space. Then so long as rJ a ∂ a r goes to zero as r → ∞, and J 3 is strictly periodic over the compactified range [z, z + ∆z] in the z-direction, the Hopf charge C defined by integrating over the full 3-dimensional space is conserved.
However, in the case of the twisted Skyrmion string model considered here, which exists on a non-compact 3-dimensional space, the situation is more delicate. As was mentioned in Section 5 above, the Hopf charge C is typically undefined if the integral in (54) extends over all of R 3 . It will therefore be assumed that the domain of integration in (54) is bounded by two horizontal planes, say at z = z 1 and z = z 2 , with z 1 < z 2 . The surface ∂ can then be chosen to be a cylinder with r constant on the side boundary, and z = z 1 and z = z 2 on the two top boundaries, and the Hopf charge C will be conserved if The distance ∆ = z 2 − z 1 can in principle be chosen to be arbitrarily large, but the principle that the total charge C between the two planes z = z 1 and z = z 2 is conserved does entail that the string vortex is in some sense "periodic" at these boundaries, as it implicitly assumes that any twists in φ that enter through one of the boundary planes is exactly balanced by the propagation of twists out of through the other boundary plane. A more detailed specification of the boundary behaviour required will be given at the end of the next section.
IX. HOPF CHARGE OF A TWISTED SKYRMION STRING
The twisted Skyrmion string model has
where g(θ, z) = nθ + mkz, and mkz is the twist term. So in view of equation (62)
where, since
it follows that
This means that, for a twisted Skyrmion string,
Note that, in the case a twisted baby Skyrmion string 12 , the length of the compactified vertical dimension is ∆z = 2π and C = nmk.
It is evident from (81) that the Hopf charge C is proportional to the distance ∆ = z 2 −z 1 between the boundary planes. If the field φ is perturbed away from the static twisted vortex configuration (68), C will be conserved provided that the limiting conditions (66) and (67) are satisfied. A general non-static field configuration can be modelled by writing
where B µ represents the deviation of the vector potential from the potential of the static vortex. For the purposes of deriving a sufficiency condition for the conservation of the Hopf charge C, it is not necessary to assume that the components of B µ are small everywhere on the subset over which (68) is integrated, although it will be assumed that they tend to zero as r → ∞. In view of (72), the components of the topological 4-current J µ that are relevant to the conservation of C are
From equation (83), it is evident that the first Hopf charge conservation condition (66) will be satisfied if (∂ µ B ν − ∂ ν B µ )B ρ goes to zero more rapidly than r −1 in the limit as r → ∞, while from (84) the second conservation condition (67) will be satisfied if the integral
has the same value on the two boundary planes z = z 1 and z = z 2 The last condition will in turn hold if the difference function ∆B µ = B µ | z=z2 − B µ | z=z1 is zero for the three components B 0 , B 1 and B 2 and is zero also for the first derivatives of these three components with respect to t, x and y.
X. CONCLUSIONS
We have shown that, for any non-compact O(3) field configuration φ, the topological charge T defined by equation (39) is conserved, provided that some weak constraints on the behaviour of φ in the limit as r → ∞ are satisfied, and that in the case of the twisted Skyrmion string T is equal to the winding number n.
By contrast, the Hopf charge C defined by equation (54) is typically finite only if the integration region over which C is evaluated is compact in the z-direction. In the case of the twisted Skyrmion string, C is equal to (nmk/2π)∆z, where ∆z is the vertical extent of , and mk is the twist of the vortex. The Hopf charge C will also be conserved if (i) φ decays sufficiently rapidly in the limit as r → ∞ and (ii) the horizontal and time components of the field strength tensor F µν and vector potential A ρ corresponding to φ are the same on the two boundary planes z = z 1 and z = z 2 .
The last condition is a relatively strong one, and requires the vortex to be in some sense "periodic" at the two boundary planes. It is clear on physical grounds that a condition of this type is needed to guarantee the conservation of Hopf charge, as in the general unconstrained case there is nothing to stop twists in the vortex from propagating into or out of the region . Only if the number of twists that enter is exactly balanced by the number of twists that leave would we expect the Hopf charge to be conserved, and it is this balance that condition (ii) enforces.
